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1. INTRODUCTION
A k-arc K in PG(2, q), q 5 pr and p prime, is a set of k points, no three
of which are collinear. An arc is complete if it is maximal with respect to
inclusion. A k-arc corresponds to a [k, 3, k 2 2] maximum distance separable
(MDS) code of length k, dimension 3, and minimum distance k 2 2; a
complete arc corresponds to an MDS code that cannot be extended to an
MDS code. The maximum size of an arc is denoted by m(2, q) and the size
of the second largest complete arc is denoted by m9(2, q). Bose, in 1938,
showed that
m(2, q) 5 Hq 1 2 for q even,
q 1 1 for q odd.
(1.1)
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The bound is achieved by a conic for q odd and by a conic plus the meet
of its tangents for q even. Conversely, Segre showed that for q odd a
(q 1 1)-arc is a conic. This theorem is a particular case of a more general
theorem of Segre’s [14; 10, Chapter 10], which shows that for q odd and k
sufficiently large, namely for
k . q 2 AfÏq 1 Jf, (1.2)
a k-arc is contained in a conic. An equivalent way of expressing this to
say that
m9(2, q) # q 2 AfÏq 1 Jf . (1.3)
The constant was improved to SaGh by Thas [17]. For q an odd power of p,
the result was significantly improved by Voloch [18, 19]. For q prime,
m9(2, q) # FfFgq 1 Kl (1.4)
and for q 5 p2e11, p odd, e $ 1,
m9(2, q) # q 2 AfÏpq 1 SaLhp 1 1. (1.5)
In the case of q even, Segre [10, Chapter 10] showed that
m9(2, q) # q 2 Ïq 1 1; (1.6)
examples of complete (q 2 Ïq 1 1)-arcs [1, 3, 4, 6] show that, for
q 5 22e, equality holds in (1.6). Voloch [19] improved this for q 5 22e11,
e $ 1, to
m9(2, q) # q 2 Ï2q 1 2. (1.7)
In this article we extend the techniques to Voloch to improve the upper
bounds for m9(2, q) when q is odd:
THEOREM 1.1. For q 5 ph with p $ 5,
m9(2, q) # q 2 AsÏq 1 5. (1.8)
An implication of this theorem is that, if m(r, q) is the size of the largest
k-arc in PG(r, q), then m(r, q) 5 q 1 1 for q . 4(r 1 1)2.
As for all results on the embeddability of k-arcs in a conic the key result
is the following theorem of Segre [10, Theorem 10.4.3]:
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THEOREM 1.2. (i) The kt 5 k(q 1 2 2 k) tangents through the points
of K lie on an algebraic envelope G9 whose dual curve G is of degree t or
2t according as q is even or odd;
(ii) For q odd, the t tangents to K through a point P of K each count
twice in the intersection of G9 with the pencil LP of lines through P;
(iii) K is incomplete if and only if G has a rational linear component.
It is necessary to consider the number of Fq-rational points on the alge-
braic curve G 5 G2t . Segre used the Hasse–Weil theorem, whereas Voloch
used the theorem of Sto¨hr and Voloch [16], in which linear systems associ-
ated to a curve are studied to give information on the Weierstrass points
of the curve.
From previous studies on the curve G2t there is no reason to think that
G2t has some special general properties unless t is sufficiently small, in
which case G2t is absolutely irreducible and non-classical with respect to
the Veronese embedding. These properties, already used by Voloch in [19]
and defined precisely in section 2 of this paper, are used in section 4 to
give a detailed description of the inflexions and singular points of G2t . In
the case examined here, that is 2t , pv, the picture of the singularities of
G2t is relatively simple. This will allow us in section 5 to establish an upper
bound for the class m of G2t . The comparison with the lower bound for m
derived from the existence of kt tangents to G2t , given by Theorem 1.2, will
show that G2t cannot have as many Fq-rational points, namely kt, as imposed
by the curve associated to a k-arc with k . q 2 AsÏq 1 5.
2. PRELIMINARY RESULTS ON CURVES
Let K 5 GF(q) 5 Fq , where q 5 ph with p prime and p $ 5, and let
K be the algebraic closure of K. Consider a plane, absolutely irreducible,
algebraic curve X defined over K; its points will be zeros over K. More
precisely, the points of X will be regarded as branches over K; generally,
the same terminology as used in [16] is employed. In some circumstances,
the term branch will be preferred to that of point in order to specify the
characteristics.
With respect to the linear system S1 of lines of PG(2, K), a point P with
order sequence (0, r, s) is viewed as a branch of order a 5 r and class
b 5 s 2 r; here r is the multiplicity of P and s is the intersection multiplicity
of the tangent at P with X. If X is not the locus of the points of inflexion,
the order sequence of a generic point is (0, 1, 2), and X is said to be classical
for S1 . It will later be seen that G2t has only classical components of classical
type with respect to S1 .
The situation is different for the linear system S2 of conics, that is, with
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respect to the Veronese embedding F2 . Here, the order sequence ( j0, j1,
j2, j3, j4, j5) gives the sequence of possible intersection numbers of X with
a conic at a point P. All points P, except for at most a finite number, have
the same order sequence. If p $ 5 and X is classical for F1, this order
sequence is (0, 1, 2, 3, 4, «5), with «5 5 5 or «5 5 pv, Garcia and Voloch
[7]. When «5 5 5, then X is classical for S2; when «5 5 pv, is non-classical
for S2. In this case the intersection multiplicity at a generic point of X with
the osculating conic C (2) at the point is pv. There is a further notion of
classical curve [16]. The curve X is Frobenius classical if the image P9 of
a generic point P of X under the Frobenius collineation (x, y, z) °
(xq, yq, zq) does not lie on the osculating conic C (2) at P. In the contrary
case, when P9 is on C (2) for each point P, the curve is Frobenius non-
classical. In fact, Voloch [19] observed that when k is close to q, the curve
G2t is neither classical for S2 nor Frobenius classical. For our purposes, the
meaning of ‘‘near’’ is specified in Proposition 2.2, which also contains other
useful properties of G2t .
The key reason that p 5 3 is left out of the result is that, when p 5 3,
in the order sequence with respect to S2 the parameter «5 takes the value
6 or 3v. When «5 5 6, then (3.1) and the consequent argument no longer hold.
THEOREM 2.1 (Sto¨hr and Voloch [16]. Let X be an irreducible, non-
singular, projective, algebraic curve of genus g defined over Fq with N rational
points. If there exists on X a linear system cnd of degree d and dimension n
without base points and with Frobenius order sequence v0, . . . , vn21, then
N #
1
n H(2g 2 2) On210 vi 1 (q 1 n)dJ.
This theorem comes from counting the degree of a certain divisor S; see
[16, Section 2] and Section 5 below.
Now, this theorem is applied to the curve G2t in the case of the Veronese
embedding when k is large.
PROPOSITION 2.2. If a complete k-arc K in PG(2, q), with q 5 ph and
p $ 5 prime, satisfies
k . q 2 AsÏq 1 5, (2.1)
then
(i) q is a square;
(ii) the curve G2t dual to the envelope associated to the k-arc is absolutely
irreducible and satisfies the following properties:
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(I) G2t is non-classical for S2 and has order sequence (0, 1, 2, 3, 4,
Ïq);
(II) G2t is Frobenius non-classical for S2.
Proof. Let X be an irreducible component of G2t, which is G2t itself
when it is irreducible. So, if X has degree d, then
d # 2t.
In [19, Section 4], it is shown that, if k $ FfFgq 1 2, then X is defined over
Fq, is of degree d $ 3, has at least Askd points that are Fq-rational, and
satisfies both conditions (I), apart from the order «5 being Ïq, and (II).
Now, for all q,
FfFgq 1 2 , q 2 AsÏq 1 5. (2.2)
So it remains to show that q is a square, that «5 5 Ïq, and that G2t
is irreducible.
First, let h be odd, that is, h 5 2e 1 1. If «5 $ pe11, then as
«5 # 2d # 4t so
k 5 q 1 2 2 t # q 1 2 2 Afpe11. (2.3)
Comparison with (2.1) gives successively that
q 2 AsÏq 1 5 , q 1 2 2 Afpe11,
pe11 1 12 , 2peÏp,
peÏp(Ïp 2 2) 1 12 , 0,
whence p , 5, a contradiction.
Now consider the case that h is even, that is, h 5 2e.
Since G 5 G2t is the dual of G9, the envelope containing the tangents to
K, so a point L of K has l as the line corresponding to L under this duality
and for each point P [ l > G, the intersection number IP(l, G) 5 2. Since
X is a component of G, so l > X , l > G. Since l > G consists of Fq-rational
points, so the number of Fq-rational points on l > X is at least Asd and so
X has at least Askd rational points. Since X is irreducible, Theorem 2.1
gives for the series cut out by S2 that
Askd # Ag[(«5 1 6)d(d 2 3) 1 2(q 1 5)d ]. (2.4)
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Hence
k # Sg[(«5 1 6)(2t 2 3) 1 2(q 1 5)], (2.5)
which, with t 5 q 1 2 2 k, implies that
k # q 2
q
4«5 1 29
1
2«5 1 32
4«5 1 29
. (2.6)
When v $ e 1 1, then as in (2.3), k # q 1 2 2 Asp(AsÏq), contradicting
(2.1). If v # e 2 1, then (2.6) holds with «5 5 pe21. Comparison with
(2.1) gives
q 2 Aspe 1 5 , q 2
q
4pe21 1 29
1
2pe211 32
4pe21 1 29
.
This gives
p2e , (Aspe 2 5)(4pe21 1 29) 1 2pe21 1 32. (2.7)
For e 5 1, (2.7) becomes
p2 , DDs p 2 131,
a contradiction. For e . 1, (2.7) implies
p2e , (As pe 2 5)(4pe21 1 29) 1 4pe21 1 29
5 (As pe 2 4)(4pe21 1 29)
, (As pe 2 4)10pe21,
whence
pe11 , 5pe 2 40,
again a contradiction. Hence pv 5 Ïq.
Now we show that X coincides with G2t . If this is not the case, then the
degree d of X satisfies d # t. From (2.4), we have
k # Sg [(Ïq 1 6)(t 2 3) 1 2(q 1 5)].
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Since t 5 q 1 2 2 k, this gives
k(2Ïq 1 17) # 2(Ïq 1 6)(q 2 1) 1 4(q 1 5)
5 (q 2 As Ïq 1 5)(2Ïq 1 17) 2 Js (Ïq 1 22).
Comparison with (2.1) implies that Ïq 1 22 , 0. This contradiction finishes
the proof. n
3. CURVES THAT ARE NON-CLASSICAL FOR THE VERONESE EMBEDDING
Proposition 2.2 leads us to the study of curves that are non-classical for
S2 , and in this section some properties of their singularities are established.
To simplify the treatment, these properties are considered only for those
cases applicable to a curve that is the dual of the envelope associated to a
k-arc of PG(2, q) with k satisfying (1.4). In a further work, the general
case of curves, non-classical for S2 , will be studied.
In relation to property (I), in this section X denotes an absolutely irreduc-
ible plane curve of degree d defined over K 5 Fq , with q 5 ph and p $ 5,
satisfying the following condition:
(III) X is classical for S1 but is non-classical for S2 and has order
sequence (0, 1, 2, 3, 4, pv).
By [7, Theorem 2], if f (x, y) 5 0 is a minimal equation for X , then there
exist h(x, y), zi 5 zi(x, y) in K[x, y], i 5 0, . . . , 5, such that
h(x, y) f (x, y) 5 zp
v
0 1 z
pv
1 x 1 z
pv
2 y 1 z
pv
3 x
2 1 zp
v
4 xy 1 z
pv
5 y2. (3.1)
It should be noted that the polynomials h(x, y), z0(x, y), . . . , z5(x, y) can
be chosen in K[x, y]. Further, X is not a component of the curve with
equation h(x, y) 5 0; otherwise, X would not be classical for S1 , but would
have order sequence (0, 1, pv), which is not allowed by (III).
Conversely, given an absolutely irreducible curve classical for S1 , if
f (x, y) 5 0 is a minimum equation of X such that there exist h, z0 , . . . ,
z5 [ K[x, y] satisfying (3.1), then X satisfies condition (III). Now, take a
branch c of X of order a and class b with the centre of c at P 5 (a, b).
A primitive representation is given by
x 5 X(t) 5 a 1 m21ta 1 ? ? ? ,
(3.2)
y 5 Y(t) 5 b 1 m11ta 1 ? ? ? 1 bita1b 1 ? ? ? ,
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where the tangent l to c has equation m21(x 2 a) 2 m11( y 2 b) 5 0.
Introduce a new system of reference taking P to the origin and l to the x-
axis. This change of coordinates from (x, y) to (X, Y) is given by
x 5 m11X 1 m12Y 1 a,
(3.3)
y 5 m21X 1 m22Y 1 b.
Equation (3.1) is invariant under this transformation. In fact, let us put
zi(x, y) 5 zi(m11X 1 m12Y 1 a, m21X 1 m22Y 1 b)
5 zi(X, Y), i 5 0, . . . , 5,
f (x, y) 5 f (m11X 1 m12Y 1 a, m21X 1 m22Y 1 b) 5 F (X, Y),
h (x, y) 5 h (m11X 1 m12Y 1 a, m21X 1 m22Y 1 b) 5 H (X, Y),
a 5 cp
v
, b 5 dp
v
, mij 5 np
v
ij , i, j 5 1, 2,
and write zi 5 zi(X, Y). Then, with
Z0(X, Y) 5 z0 1 cz1 1 dz2 1 c2z3 1 cdz4 1 d2z5 ,
Z1(X, Y) 5 n11z1 1 n21z2 1 2cn11z3 1 (cn11 1 dn21)z4 1 2dn21z5 ,
Z2(X, Y) 5 n12z1 1 n22z2 1 2cn12z3 1 (cn22 1 dn12)z4 1 2dn22z5 ,
Z3(X, Y) 5 n211z3 1 n11n21z4 1 cn221z5 ,
Z4(X, Y) 5 2n11n21z3 1 (n12n21 1 n11n22)z4 1 2n21n22z5 ,
Z5(X, Y) 5 n212z3 1 n12n22z4 1 n222z5 ,
and with Zi 5 Zi(X, Y), i 5 0, . . . , 5, Eq. (3.1) becomes
H(X, Y) F (X, Y) 5 Zp
v
0 1 Z
pv
1 X 1 Z
pv
2 Y 1 Z
pv
3 X
2 1 Zp
v
4 XY1 Z
pv
5 Y
2.
(3.4)
A primitive representation of c in the new coordinate system is given by
X 5 X(t) 5 ta 1 ? ? ? ,
(3.5)
Y 5 Y(t) 5 cta1b 1 ? ? ? ,
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where
x(t) 5 m11X(t) 1 m12Y(t) 1 a,
(3.6)
y(t) 5 m21X(t) 1 m22Y(t) 1 b.
Denote Zi(X(t), Y(t)) p
v
by Ui(t) and ord Ui(t) by ui , i 5 0, . . . , 5. Then
there exist non-negative integers ki such that
ui 5 kipv. (3.7)
From (3.4) it follows that
U0(t)1U1(t)X(t)1U2(t)Y(t)1U3(t)X(t)2 1U4(t)X(t)Y(t)1U5(t)Y(t)2 50.
(3.8)
The left-hand side is the sum of six formal power series in t whose orders
are as follows:
ord U0(t) 5 k0pv, ord U1(t)X(t) 5 k1pv 1 a,
ord U2(t)Y(t) 5 k2pv 1 a 1 b, ord U3(t)X(t)2 5 k3pv 1 2a,
ord U4(t)X(t)Y(t) 5 k4pv 1 2a 1 b, ord U5(t)Y(t)2 5 k5pv 1 2a 1 2b.
At least two of these orders are equal, and they are less than or equal to
the remaining four. Hence one of the following relations must hold:
(a) (k0 2k1)pv5a, (b)(k12k3)pv5a, (c) (k2 2k4)pv5a,
(d) (k0 2k3)pv52a, (e) (k0 2k2)pv5a1b, (f) (k2 2k5)pv5a1b,
(g) (k0 2k4)pv52a1b, (h)(k0 2k5)pv52a12b, (i) (k1 2k2)pv5b,
(j) (k3 2k4)pv5b, (k)(k1 2k4)pv5a1b, (l) (k4 2k5)pv5b,
(m)(k1 2k5)pv5a12b, (n)(k2 2k3)pv5a2b, (o)(k3 2k5)pv52b.
If d , pv, then a 1 b , pv. This leaves just three possibilities:
2a 1 b 5 pv and u0 5 pv 1 u4
, minhu1 1 a, u2 1 a 1 b, u3 1 2a, u5 1 2(a 1 b)j; (3.9)
a 1 2b 5 pv, u1 5 pv 1 u5 , and u1 1 a 5 u5 1 2(a 1 b)
, minhu0 , u2 1 a 1 b, u3 1 2a, u4 1 2a 1 bj; (3.10)
EMBEDDING OF AN ARC INTO A CONIC 283
a 5 b, u2 5 u3 , and u2 1 a 1 b 5 u3 1 2a
, minhu0 , u1 1 a, u4 1 2a 1 b, u5 1 2(a 1 b)j. (3.11)
The following result has thus been established.
PROPOSITION 3.1. Let X be an irreducible algebraic curve satisfying con-
dition (III). If the degree d of X is less than pv, then the order a and class
b of any branch c satisfy one of the relations (3.9), (3.10), (3.11).
Now, we examine more closely what happens under the further condition
that X is Frobenius non-classical. Three more results are required, the first
of which is virtually contained in [7, Remark 5], and which is valid for any
irreducible curve in PG(2, K).
LEMMA 3.2. If, for a branch c of X , the order a is different from the
class b, then the order sequence of X at c is
(0, a, 2a, a 1 b, 2a 1 b, 2a 1 2b) if a , b,
(0, a, a 1 b, 2a, 2a 1 b, 2a 1 2b) if a . b.
Proof. Let l0 be the tangent of the branch c at its origin P, let l1 be
another line through P, and let l2 be a line not through P. Consider various
members of the family of conics in the plane, passing through P and made
up of pairs of these three lines, namely
l0l0 , l0l1 , l0l2 , l1l1 , l1l2 .
In fact, the conic l0l0 is the osculating conic of the branch c. The intersection
numbers I(c, C (2)) when C (2) is one of these degenerate conics are the fol-
lowing:
I(c, l0l0) 5 2(a 1 b),
I(c, l0l1) 5 2a 1 b,
I(c, l0l2) 5 a 1 b,
I(c, l1l1) 5 2a,
I(c, l1l2) 5 a.
These numbers give the order sequence of X at c as required. n
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PROPOSITION 3.3. Let c be a branch of X with centre not in PG(2, q),
and with order a and class b. If X satisfies condition (III) and is Frobenius
non-classical, then m21(a 2 aq) 2 m11(b 2 bq) 5 0 and a 5 b.
Proof. As in the proof of Proposition 3.2, if a ? b then the osculating
conic C (2) of c is the tangent l0 at c repeated. Since X is Frobenius non-
classical, so C (2) passes through P9 5 (aq, bq), where, as before, P 5 (a, b)
is the centre of c. Since P is not Fq-rational, so P9 ? P. Hence the line l0
is defined by its points P and P9. Analytically, in the notation of this section,
l0 has equation m21(x 2 a) 2 m11( y 2 b) 5 0; so the condition that l0
passes through P9 is that m21(a 2 aq) 2 m11(b 2 bq) 5 0. n
The results of this section may be summarized as follows.
PROPOSITION 3.4. Let X be an irreducible algebraic curve that satisfies
condition (III) and also is Frobenius non-classical. If the degree d of X is
less than pv, then the order a and the class b of a branch c of X centred at
the point P 5 (a, b) satisfies one of the following conditions:
2a 1 b 5 pv and m21(a 2 aq) 2 m11(b 2 bq) 5 0; (3.12)
a 1 2b 5 pv and m21(a 2 aq) 2 m11(b 2 bq) 5 0; (3.13)
a 5 b. (3.14)
4. THE NUMBER OF POINTS OF A NON-CLASSICAL CURVE
In this section, we consider the number of rational points on an absolutely
irreducible curve over Fq with q 5 ph and p $ 5, of degree d , pv, which
is not classical for S2 nor Frobenius classical.
To estimate the number of Fq-rational points of X , we will adopt a
procedure similar to that of [9, Theorem 1]. To do this, we study further
the two linear series R and S introduced in [16, pp. 6, 9]. Here, R denotes
an element of the linear series cut out on X by the linear system S1 of
lines; that is, R is a ramification divisor on X . Let np(R) be the weight of
a point P, more precisely of a branch, of X . Then, with F the set of the
Weierstrass points, the following formula is obtained as in [16, p. 6]:
O
P[ F
nP(R) 5 3(2g 2 2) 1 3d. (4.1)
The linear series S was used originally in [16, p. 9] to count the points
P of X such that the tangent at P passes through the image P9 of P under
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the Frobenius map. Since deg(S) 5 2g 2 2 1 (q 1 2)d, a formula analogous
to (4.1) is obtained:
O
P[ F
np(S) 5 (2g 2 2) 1 (q 1 2)d. (4.2)
The next thing is to give a formula for the calculation of nP(R).
To simplify the notation, the indeterminates, X, Y will sometimes be
omitted. From (3.4), with G 5 HF,
GX 5 HX F 1 HFX 5 Z
pv
1 1 2Z
pv
3 X 1 Z
pv
4 Y, (4.3)
GY 5 HY F 1 HFY 5 Z
pv
2 1 Z
pv
4 X 1 2Z
pv
5 Y. (4.4)
The equation H(X, Y) 5 0 defines a curve H , and the equation
G(X, Y) 5 0 defines a curve G . The Hessian of G is given by G*(X, Y)
5 0, where
G*5GXX(GY)2 22GXYGXGY1GYY(GX)2
52Zp
v
3 (Z
pv
2 1Z
pv
4 X12Z
pv
5 Y)2 22Z
pv
4 (Z
pv
2 1Z
pv
4 X12Z
pv
5 Y)
3(Zp
v
1 12Z
pv
3 X1Z
pv
4 Y)12Z
pv
5 (Z
pv
1 12Z
pv
3 X1Z
pv
4 Y)2
52h(Z3Z222Z1Z2Z4 1Z5Z21)p
v
1(4Z3Z52Z24)p
v
(Zp
v
1 X1Z
pv
2 Y1Z
pv
3 X
2 1Zp
v
4 XY1Z
pv
5 Y
2)j
;2h(Z3Z222Z1Z2Z4 1Z5Z21)p
v
1(4Z3Z5 2Z24)p
v
Zp
v
0 j (modF (X,Y))
;24D(Z0 ,Z1 ,Z2 ,Z3 ,Z4 ,Z5)p
v
(modF (X,Y)),
where
D(w0 , w1 , w2 , w3 , w4 , w5) 5
2w0 w1 w2
w1 2w3 w4
w2 w4 2w5
.
On the other hand,
GXX(GY)2 2 2GXYGXGY 1 GYY(GX)2
;H 3hFXX(Fy)2 2 2FXY FX FY 2 FYY(FX)2j (mod F (X, Y)).
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It follows that
H 3hFXX(Fy)2 2 2FXY FXFY 2 FYY(FX)2j
(4.5)
; 24D(Z0 , Z1 , Z2 , Z3 , Z4 , Z5)p
v
(mod F (X, Y)).
It may be noted that the left-hand side, apart from H 3, gives the Hessian of X .
Now we return to the consideration of the branch c with primitive representa-
tion (3.5); a formula for the calculation of nP(R) will be established. Since
nP(R) 5 ordhY 9(t)X 0(t) 2 Y 0(t)X 9(t)j,
the latter expression will be determined in terms of the functions Ui(t). It will
be supposed that the order a of c is not divisible by pv.
From (4.4) it follows that
H(t)FY(X(t), Y(t)) 5 U2(t) 1 U4(t)X(t) 1 2U5(t)Y(t). (4.6)
In order to show that FY(X(t), Y(t)) ? 0, put
A0(t) 5 2U0(t) 1 U1(t)X(t) 1 U2(t)Y(t),
A1(t) 5 U1(t) 1 2U3(t)X(t) 1 U4(t)Y(t), (4.7)
A2(t) 5 U2(t) 1 U4(t)X(t) 1 2U5(t)Y(t).
Hence
A0(t) 1 A1(t)X(t) 1 A2(t)Y(t) 5 2H(t)F (X(t), Y(t)) 5 0. (4.8)
Suppose that FY(X(t), Y(t)) 5 0. From (4.6) it follows that A2(t) 5 0. So
A0(t) 1 A1(t)X(t) 5 0. However, this is not impossible since ord A0(t) 5 c0pv
and ord A1(t)X(t) 5 c1pv 1 a, but a is not divisible by pv. Therefore, the
following usual rules can be used:
dY
dX
5 2
FX
FY
, (4.9)
d2Y
dX2
5 2
FXXF 2Y 2 2FXYFXFY 1 FYYF 2X
F 3Y
, (4.10)
d2Y
dX 2
5
d(dY/dX)
dX
5 Fd(Y 9/X 9)dt G@X 9 5 Y 9(t)X 0(t) 2 Y 0(t)X 9(t)X 9(t)3 . (4.11)
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From (4.5) and (4.10),
d2Y
dX 2
5 4D(Z0 , Z1 , Z2 , Z3 , Z4 , Z5)p
v
/(HFY)3 (mod F (X, Y)). (4.12)
Let U(t) 5 D(U0(t), U1(t), U2(t), U3(t), U4(t), U5(t)). Then, from (4.4),
(4.11), (4.12),
Y 9(t)X 0(t) 2 Y 0(t)X 9(t) 5 4U(t)[X 9(t)/A2(t)]3.
This gives the following result.
PROPOSITION 4.1. If ord X(t) is not divisible by pv,
nP(R) 5 ord U(t) 1 3[ord X 9(t) 2 ord A2(t)].
Now, a formula for the calculation of nP(S) will be found. Let c be the
branch of X with primitive representation (3.2). From [16, p. 10], the weight
nP(S) is given by
nP(S) 5 ordh[x(t) 2 x(t)q] y9(t) 2 [ y(t) 2 y(t)q]x9(t)j.
Since nP(S) is not invariant under all affine transformations but only for
those fixing the plane over Fq , it is necessary to see how nP(S) changes
under a general transformation (3.3). With x, x9, y, y9, X, X 9, Y, Y 9 all
functions of t as in (3.5) and (3.6),
(x 2 xq) y9 2 ( y 2 yq)x9
5 [a 2 aq 1 m11X 1 m12Y 2 (m11X 1 m12Y)q][m21X 9 1 m22Y 9]
2 b 2 bq 1 m21X 1 m22Y 2 (m21X 1 m22Y)q][m11X 9 1 m12Y 9]
5 [(a 2 aq)m21 2 (b 2 bq)m11]X 9 1 [(a 2 aq)m22 2 (b 2 bq)m12]Y 9
1 (m11m22 2 m12m21)(XY 9 2 YX 9)
2 (m11X 1 m12Y)q(m21X 9 1 m22Y 9)
1(m21X 1 m22Y)q(m11X 9 1 m12Y 9).
Thus the following formula is arrived at.
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PROPOSITION 4.2.
nP(S) 5 ord X 9 1 ordh[(a 2 aq)m21 2 (b 2 bq)m11] 1 [(a 2 aq)m22
2 (b 2 bq)m12]Y 9/X 9
1 (m11m22 2 m12m21)(XY 9/X 9 2 Y)
2 (m11X 1 m12Y)q(m21 1 21Y 9/X 9)
1 (m21 X 1 m22Y)q(m11 1 m12Y 9/X 9)j.
This formula can be used to give a lower bound for nP(S) in the case that
d , pv. First, the following lemma is required.
PROPOSITION 4.3. If d , pv, then
ordhY(t)/X(t)j 5 ordhY 9(t)/X 9(t)j; (4.13)
ordhX(t)Y 9(t)/X 9(t) 2 Y(t)j $ ord Y(t). (4.14)
Proof. The hypothesis d , pv implies that both ord X(t) and ord Y(t)
are less than pv. From (4.7), it follows that ordhA1(t)X(t)j 5 ordhA2(t)Y(t)j;
therefore, ordhY(t)/X(t)j 5 ordhA1(t)/A2(t)j. On the other hand, FX(X(t),
Y(t)) 5 A1(t) and FY(X(t), Y(t)) 5 A2(t). Since, as above, Y 9(t) ? 0, it
follows that X 9(t)/Y 9(t) 5 FY(X(t), Y(t))/FX(X(t), Y(t)) and so
ordhY 9(t)/X 9(t)j 5 ordhA1(t)/A2(t)j; this proves (4.13). To see that (4.14)
holds it suffices to note that, by (4.13), ordhX(t)Y 9(t)/X 9(t)j 5 ord Y(t). n
PROPOSITION 4.4. Let d , pv. Then one of the following holds:
nP(S) $ ord X 9(t) 1 ord Y(t) if a, b [ GF (q); (4.15)
nP(S) 5 ord X 9(t) 1 ord Y(t) 2 ord X(t) if (a 2 aq)m21
2 (b 2 bq)m11 5 0 but a Ó GF (q) or b Ó GF (q); (4.16)
nP(S) 5 ord X 9(t) if (a 2 aq)m21 2 (b 2 bq)m11 ? 0. (4.17)
Proof. Since ordhY 9(t)/X 9(t)j 5 ordhY(t)/X(t)j 5 ord Y(t) 2
ord X(t) , pv , q, in the formula established in Proposition 4.2 the term
2(m11X 1 m12Y)q(m21 1 m22Y 9/X 9) 1 (m21X 1 m22Y)q(m11 1 m12Y 9/X 9)
is not significant in regard to the order.
The weights nP(R) and nP(S) can now be compared. To simplify the
picture, it will be supposed that X satisfies condition (III) and is also
Frobenius non-classical; these conditions we know to be satisfied by G2t
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due to (I) and (II). Since we have the restriction that d , pv, the formulas
in Propositions 4.1 and 4.2 can be applied.
The three cases of Proposition 3.1 can be considered as two separate ones.
(A) 2a 1 b 5 pv or a 1 2b 5 pv. If 2a 1 b 5 pv, then from (3.9) we
have ord U(t) 5 u0 1 2u4 5 3u4 1 pv and ord A2(t) 5 u4 1 a. If a 1
2b 5 pv, then from (3.10) we have ord U(t) 5 2u1 1 u5 5 3u5 1 pv and
ord A2(t) 5 u5 1 (a 1 b). By Proposition 4.1, nP(R) 5 3 ord X 9(t) 1
(b 2 a). If c is centered at the Fq-rational point P 5 (a, b), then (4.15)
gives that nP(S) $ ord X 9(t) 1 (a 1 b). If P is not Fq-rational, then by
(3.13), we can apply (4.16); hence nP(S) $ ord X 9(t) 1 b. Therefore,
nP(R) 2 nP(S) #H2 ord X 9(t) 1 2a if P is Fq-rational
2 ord X 9(t) 1 a if P is not Fq-rational.
(4.18)
(B) a 5 b. By (3.15) we have ord U(t) 5 2u2 1 u3 5 3u2 and ord
A2(t) 5 u2 . Therefore, nP(R) 5 3 ord X 9(t). If c is centred at the Fq-rational
point P 5 (a, b), then nP(S) $ ord X 9(t) 1 2a; if P is not Fq-rational, then,
from Proposition 4.4, nP(S) $ ord X 9(t). Therefore,
nP(R) 2 nP(S) #H2 ord X 9(t) 1 2a if P is Fq-rational,
2 ord X 9(t) if P is not Fq-rational. n
(4.19)
5. AN UPPER BOUND FOR THE CLASS OF A CURVE
Let N be the number of Fq-rational points of X , including the singular
points. The count of the latter extends to each branch c of X centred at
a Fq-rational point with multiplicity equal to its order a. Since the assump-
tion has been made that d , pv, only the two cases of the preceding section
hold. Hence, from (4.18) and (4.19),
o [nP(R) 2 nP(S)] # 2 o ord X 9(t) 2 2N 2 o a, (5.1)
where the first summation on the right is over all singular branches c while
the second is only over points P of order a that are not Fq-rational for
which (a 2 aq)m21 2 (b 2 bq)m11 5 0.
PROPOSITION 5.1. If X has class m, genus g, and degree d, then
S ord X 9(t) 5 2g 2 2 1 2d 2 m.
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Proof. Let Q be a point at infinity in generic position; then Q is not
on a tangent to X at an inflexion or at a singular point of X. In fact, as X
is both irreducible and classical for S1 , it has a finite number of inflexions
and singular points. The class m of X gives the number of tangents to X
through Q. Consider the linear series cut out on X by the pencil S0 of lines
through Q; the weight nP(R9) of a point P, or more precisely a branch c,
of X can be evaluated.
Take a new system of reference with Q 5 (0, 1, 0). Such a change can
be made by the linear substitution X 5 a11j 1 a12h, Y 5 a21j 1 a22h, and
the primitive representation (3.2) of c is changed to j 5 j(t), h 5 h(t),
where X(t) 5 a11j(t) 1 a12h(t), Y(t) 5 a21j(t) 1 a22h(t); hence j(t) 5
b11X(t) 1 b12Y(t), h(t) 5 b21X(t) 1 b22Y(t), and so j9(t) 5 b11X 9(t) 1
b12Y 9(t). By (4.13),
ord X 9(t) 5 ord Y 9(t) 2 [ord Y(t) 2 ord X(t)] , ord Y 9(t).
Therefore ord j9(t) is in general equal to ord X 9(t), except when b11 5 0,
in which case ord j9(t) 5 ord Y 9(t). However, b11 5 0 if and only if the
tangent to c is parallel to the h-axis. Since nP(R9) 5 ord j9(t), [16, Theorem
1.5], if P is simple then nP(R9) is 1 or 0 according as the tangent is parallel
to the h-axis or not. Also, if c is singular, nP(R9) 5 ord X 9(t) since the
tangent to c cannot be parallel to the h-axis by the choice of Q. It follows
that S nP(R9) 5 m, where the summation is over the simple points of X .
However, S nP(R9) 5 2g 2 2 1 2d [16, p. 6], where here the summation
is extended to all branches of X . This gives the result. n
PROPOSITION 5.2. 2m # (q 1 3)d 2 2N.
Proof. This comes from putting together (4.1), (4.2), (5.1), and Proposi-
tion 5.1.
6. PROOF OF THE MAIN THEOREM
Theorem 1.1 can now be demonstrated. Suppose that K is a k-arc in
PG(2, q), q 5 ph and p $ 5, with k . q 2 As Ïq 1 5 that is not contained
in a conic. Consider the algebraic curve G2t dual to the envelope associated
to K . We note that d 5 2t , pv. By Proposition 2.2, G2t is absolutely
irreducible, satisfies condition (III) with pv 5 Ïq, and is Frobenius non-
classical. Since G2t is classical for S1 , and is also reflexive, so the class m of
G2t is the same as the degree of the dual curve G2t . By Theorem 1.3, every
point of K , viewed as a line in the dual plane, is tangent to G2t at t distinct
points; that is, every point of K is an ordinary singular point of multiplicity
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t of G2t . Hence kt(t 2 1) # (m 2 1)(m 2 2). So, comparison with Proposition
5.2 gives
4kt(t 2 1) # [(q 1 3)d 2 2N 2 2][(q 1 3)d 2 2N 2 4].
Since N $ kt and d 5 2t, so
kt(t 2 1) # (t2 1 t 2 1)(t2 1 t 2 2).
Since k 5 q 2 t 1 2, so q # t2 1 4t 2 1 2 2/t , t2 1 4t 2 1.
This is equivalent to k , q 2 Ïq 1 5 1 4, which contradicts that k . q 2
As Ïq 1 5. n
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